The integration of the exponential of the square of the moment map of the circle action is studied by a direct stationary phase computation and by applying the DuistermaatHeckman formula. Both methods yield two distinct formulas expressing the integral in terms of contributions from the critical set of the square of the moment map. The cohomological pairings on the symplectic quotient, including its volume (which was known to be a piecewise polynomial), are computed explicitly using the asymptotic behavior of the two formulas.
Introduction
The formula of Duistermaat-Heckman [5] is an exact stationary phase formula for integrating the exponential of the moment map. It was put into and proved in the context of equivariant cohomology in [4] and [2] . The formula has been applied in [6] to the case of non-abelian group actions under certain regularity assumptions. More recently, with the idea of "non-abelian localization", Witten [8] discovered a remarkable integration formula for the exponential of the square of the moment map. An infinite dimensional version of this formula agrees completely with the partition function of two dimensional quantum Yang-Mills theory that can be computed independently by more physical methods [8] . From the point of view of symplectic geometry, a precise expression of the integral would certainly be interesting and may well have significant applications. The purpose of this paper is to study a special case of circle actions in detail.
First of all, let me recall the argument of Witten [8] on why such a formula should exist.
Given a Hamiltonian action of a compact connected Lie group G (with Lie algebra g) on a compact connected symplectic manifold (M, ω) of dimension 2n. Let µ: M → g * be the moment map , satisfying i Xa ω = dµ a for a = 1, · · · , m, (m = dim G), where X a are the vector fields on M induced by the elements of a fixed chosen basis of g. The invariant inner product on g induces one on its dual g * , both of which are denoted by (·, ·). Consider the integral The integral over M reminds us of the standard Duistermaat-Heckman formula, except the group G could be non-abelian now. Sinceω = ω + iφ a µ a is the equivariant extension of ω, eω is (formally) an equivariantly closed form. Here the differential acting on the space of equivariant differential forms Ω * G (M ) = (Ω * (M ) ⊗ S(g * )) G isd = d − iφ a i Xa [7] . For any real number t and any λ ∈ Ω * G (M ), we have
because the difference of the two integrands is equivariantly exact. Therefore The right hand side is independent of t. On the other hand, apart from a polynomial in t that comes from the expansion of e −tdλ , t appears entirely in a factor e itφ a i Xa λ . The methods of stationary phase implies that as t → ∞, the integral (1.4) is concentrated on the critical set of φ a i Xa λ, a subset of g × M satisfying i Xa λ = 0 and φ a di Xa λ = 0. The contribution to the integral (1.1) from any compact subset of g × M disjoint with the critical set tends to zero as t → ∞. In the symplectic case, pick a positive G-invariant almost complex structure J on (M, ω) and let λ = 1 2 J(dI). Then i Xa λ = 0 if and only if λ = 0 [8] . Therefore apart from the φ-part, the critical set of φ a i Xa λ coincides with that of I = (µ, µ). If each connected components N of the critical set contributes Z N (ǫ) to (1.1), then we have [8] 
(1.5)
The precise expression for Z N (ǫ), though not yet known in the most general cases, has been computed explicitly if a neighborhood of N can be modeled on the cotangent bundle of the group G or its homogeneous spaces [8] .
If G = S 1 acts on a symplectic manifold (M, ω) in a Hamiltonian fashion, then the moment map µ: M → R is a Morse function (in the sense of Bott) with many special properties. For example, the critical set F of µ is a symplectic submanifold of M and for any regular value ξ ∈ R of µ, the level set µ −1 (ξ) is a connected submanifold of M [1] . These features facilitate the computation [8] described above, yielding a precise expression of Z N (ǫ). On the other hand, since G = S 1 , the standard technique of abelian localization [2] is available and can be applied readily to a more rigorous proof of the formula. What was not expected before is that Z N (ǫ) in (1.5) is not unambiguously defined. In the first approach, it depends on whether t → +∞ or t → −∞ (although the total contribution N doesn't), whereas in the second one, the φ-integration for a single component N depends on the choice of contour in the complex φ-plane. Consequently, there are two formulas realizing (1.5).
In Sect. 2, we find explicit forms of (1.5) for G = S 1 using Witten's method [8] . The rest of the paper is devoted to a more traditional proof and the applications of this result. Most of the discussions generalize straightforwardly to the case of torus actions. We leave this and the non-abelian case for future investigation.
Stationary Phase Computation
Let µ: M → R be a moment map of the Hamiltonian S 1 action. The stationary phase method reduces the integral (1.4) to one on the critical set of µ 2 . This set is the union of the critical set and the zero set of µ. The former is also the fixed-point set F of the S 1 action. We assume that F is discrete. Near a point p ∈ F , we can use the linear coordinates {(q i , p i ), i = 1, · · · , n} on T p M compatible to ω and J, i.e., ω = n i=1 dq i ∧dp i and Jdq i = −dp i , Jdp i = dq i . Let a i = a i (p) (i = 1, · · · , n) be the (non-zero) weights 3 of the isotropic representation of S 1 on T p M , then the vector field induced by the
, up to higher order terms. Assuming µ 0 = 0, a direct computation shows that λ = 1 2 Jdµ 2 = µ 0 n i=1 a i (q i dp i − p i dq i ) + · · ·, and the equivariant form appeared in (1.4) is, again up to higher order terms,
We use the convention ai ∈ Z.
As t → ±∞, the contribution from p ∈ F can be computed by Gaussian approximation [8] :
(1 − 2µ 0 a i t)dq i ∧ dp i e
Indeed the two cases t → +∞ and −∞ do not yield same results. Particularly important is
Next we study the zero set µ −1 (0). Let θ be the coordinate in the S 1 direction and let ξ be the value of the moment map µ. Then θ, ξ and a (local) coordinate on the quotient 4 We define the function sgn(x) = x/|x| for x = 0. on U , the corresponding coordinate θ ′ is related to θ by a gauge transformation θ ′ = θ − ϕ.
As a consequence, the term dθ ∧ dξ is not gauge invariant. Introducing an S 1 -connection on the bundle, we have a gauge potential on M 0 that transforms as A → A ′ = A + dϕ. Gauge invariance modifies the term dθ ∧ dξ to (dθ + A) ∧ dξ. Since ω is also a closed form and projects down to ω 0 on M 0 , we have, up to an exact 2-form on M 0 ,
where F 0 = dA is the curvature. (2.7) will be confirmed by Lemma 4.1 using a more rigorous argument.
In a neighborhood of
Using the stationary phase approximation, the contribution of
where δ(φ) is Dirac's δ-function centered at φ = 0. Again, the limits of t → +∞ and −∞ are different. Consequently
Here we have used the values
Combining (2.3), (2.4) and (2.10), we obtain two realizations of (1.5):
(2.12) (2.11) implies that the integral (1.1) is a polynomial in ǫ of degree no more than [
] plus terms which decay not slower than e
. This coinsides with the result of Witten [8] . If µ −1 (0) is empty, then the integral over M 0 is understood to be zero, hence the polynomial part is absent. The novelty here is that there are two distinct formulas (2.11) and (2.12). Comparing their asymptotic behavior as ǫ → +0, we get
In particular, take k = 0, then
14)
The significance of these formulas will be discussed in Sect. 5.
The critical set of moment maps
Recall that if (M, ω) is a 2n dimensional symplectic manifold on which there is a Hamiltonian S 1 action with the moment map µ: M → R, then the critical set of I = µ 2 is the union of the critical set of µ and the zero set of µ. In this section and the next, we study the role of these two parts respectively.
Assume temporarily that the S 1 action has a discrete fixed point set F and the weights of the isotropic representation of S 1 on the tangent space
The exact stationary phase formula of Duistermaat-Heckman [5] is
as a formal series in φ or as a function of φ ∈ R or C.
Lemma 3.1. Under the above assumptions,
Proof. Using the Duistermaat-Heckman formula (3.1),
Each summand has a pole at φ = 0. Therefore its integration over φ ∈ R is not well defined 6 .
Nevertheless, we can deform the contour in the complex plane from R = {Imφ = 0} to C ± = {Imφ = ±κ} by a small number κ > 0 without changing the equality of (3.4), and then take the limit κ → +0. The contribution of each point p ∈ F in (1.5) depends on the choice C ± , but their sum does not, as long as the same choice is made for each p ∈ F . For φ ∈ C ± , we have 1
(The sign is chosen such that the integral is convergent.) Hence in the κ → +0 limit,
n−1
6 Alternatively, (3.4) is the Fourier transform of
(iφ) n , which is the n-fold integration of that of e
There is however an ambiguity in the integration constants.
=(2π)
The lemma follows readily. 2 Proposition 3.2. Let (M 2n , ω) be a compact symplectic manifold with a Hamiltonian S 1 action and µ: M → R, the moment map. Assume that S 1 has an isolated fixed-point set F
and let a 1 (p), · · · , a n (p) be the weights of isotropic representation of
where f (ǫ) is the following polynomial of degree not more than [
Proof. Using the residue theorem, for any real number ξ ∈ R,
This, together with (3.6), implies
Formulas (3.7) and (3.8) with f (ǫ) given by (3.9) and (3.10) are the results of four possible substitutions of (3.13) into (3.2) and (3.3). Finally, (3.11) is the average of (3.9) and (3.10).
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(3.7), (3.8) and (3.11) are in perfect agreement with (2.11) and (2.12). However, we have yet to show that the coefficients in (3.11) are indeed cohomological numbers of M 0 ; this will be the task of Sect. 4. That (3.9) and (3.10) are equal is a consequence of the proposition; it can also be shown directly from (3.1):
Under the assumptions of this section, we have
(3.14)
Proof. We expand both sides of (3.1) as formal series in (iφ) and compare the coefficients of
The zero set of moment maps
We assume that 0 is a regular value of µ. The set µ −1 (0) is then a connected compact submanifold of M [1] on which the S 1 action is locally free. There is a number δ > 0 such that (−δ, δ) consists of regular values only. We further assume that we can choose δ such that the (finite) stabilizer subgroup Γ ξ of S 1 on µ −1 (ξ) is constant for ξ ∈ (−δ, δ). The moment
is then a fibration, with fibers diffeomorphic to µ −1 (0). There is also an S 1 -equivariant
defined as follows [5] : Choose an S 1 -invariant connection of the bundle (4.1), then points on each horizontal curve have the same projection under η. We thus have a diffeomorphism
and the induced S 1 action on the second component (−δ, δ) is trivial [5] . For each ξ ∈ (−δ, δ),
On the other hand, each level set µ −1 (ξ), ξ ∈ (−δ, δ), is the total space of a principal 
Proof. Since M is compact,
On the other hand,
[using (4.6)] 
Theorems and Applications
We know combine the results of the previous two sections.
Theorem 5.1. Let (M 2n , ω) be a compact symplectic manifold with a Hamiltonian S 1 action and µ: M → R, the moment map. Assume that S 1 has an isolated fixed-point set F and let a 1 (p), · · · , a n (p) be the weights of isotropic representation of S 1 on T p M , p ∈ F . Assume also that 0 is a regular value of µ and the stabilizer of the S 1 action on a neighborhood of µ −1 (0) is of constant type Γ 0 . Let M 0 = µ −1 (0)/S 1 be the symplectic quotient with the canonically induced symplectic structure ω 0 . Choose a connection of the principal S 1 -bundle
Proof. By comparing the terms in (3.7) and (4.7) that are polynomial in ǫ, we get 
In the other extreme, if dim M ξ is a multiple of 4, i.e., 2(n − 1) = 4m for m ∈ N, then taking k = m in (5.3), we have
Let c 1 (F ξ ) be the first Chern class of the circle bundle, then the left hand side is the pairing
Topological invariance is confirmed since the right hand side is a piecewise constant function, which jumps only at points where topological type of M ξ or that of the circle bundle changes. As a corollary, the right hand side is an integer for any regular value 
Here the second sum is over the connected components N ⊂ F of dim N > 0 and e S 1 (ν N ) is the equivariant Euler class of the normal bundle ν N of N . Let n N = n − 1 2 dim N and a i (N ) (i = 1, · · · , n N ) be the weights of the S 1 action on the fibers of ν N . Then [5] 
where β k (N ) are 2k-forms on N explicable in terms of the S 1 -invariant curvature F N of ν N , and β 0 (N ) = 1. Therefore
We are thus in a position analogous to (3.4) . Using (3.5) and after computations similar to those in Sect. 3, we have 
The terms that modify (5.1) are exponentially small as ǫ → +0. We can also generalize (5.4) by adding an extra piecewise polynomial
It is in general discontinuous at ξ = µ(N ) if N is of codimension 2 in M .
Examples
We begin with the example considered by Witten [8] . Let M = S 2 with the standard
The group S 1 acts on M as rotations with the fixed points N (θ = 0) and S (θ = π). This action is Hamiltonian and the moment map is µ = cos θ. For ξ ∈ R, the level set µ −1 (ξ) is empty if |ξ| > 1 and is a circle θ = cos −1 ξ if |ξ| < 1. The symplectic quotient
The formula (5.1) for the moment map µ − ξ reduces to (after the integration over ψ and a change of variable cos θ = s on the left hand side) [8]
, if ξ < −1. this is clearly consistent with (6.1).
Next, consider the product M = S 2 ×S 2 with the diagonally induced S 1 action. Under two spherical coordinates (θ 1 , ψ 1 , θ 2 , ψ 2 ), the symplectic form is
and the moment map is µ = cos θ 1 + cos θ 2 . The critical points of µ is (N, N ), (N, S), (S, N ), (S, S), on which µ takes values 2, 0, 0, −2 respectively. The level set µ −1 (ξ) is empty if |ξ| > 2; if 0 < |ξ| < 2, it is diffeomorphic to S 3 for the following reason. For 0 < ξ < 2, Consider now the n-fold
Again, S 1 acts diagonally by the rotation on each component. The fixed points are (x 1 , · · · , x n ) ∈ M with x k = N or S. The moment map µ = n k=1 cos θ k has critical value n − 2p at (x 1 , · · · , x n ) if there are p x k 's equal to S. Formulas (5.4) and (5.5) now reduce to
If n − 2 < |ξ| < n, the same trick of (6.4) shows that µ −1 (ξ) = S 2n−1 , and its quotient onto 2π ] of the tautological bundle, hence the last equality. Since vol(M ) = (4π) n , the equalities (3.14) are
They are consequences of the well-known identities
Finally, we study the integration (1.1) for symplectic 4-manifolds (i.e., n = 2) with a Hamiltonian action. Proposition 4.2 implies that the polynomial part is ± respectively. These are the actually formula (3.14) (k = 0, 1) modified by the presence of critical surfaces.
It was known that if the action of S 1 is semi-free 7 and if all the fixed points are isolated, then there are at least four [3] . This result also follows immediately from ( 6.12), since 7 An action is semi-free if it is free outside the fixed set.
a i (p) = ±1 and a 1 (p)a 2 (p) = 1 if µ is extremal at p. A typical example is the 4-manifold S 2 ×S 2 considered above. If there are only two critical values, the maximum and the minimum can be reached both on a surface of the same topological type, or one is reached on an isolated fixed point, the other, on a sphere [3] . (6.14)
It would be interesting to explore possible relations between these formulas and the classification of symplectic 4-manifolds with a Hamiltonian S 1 action [3] .
